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1. Introduction. 

O . The classical Hurwitz numbers are weighted numbers of coverings over a compact sur- 

face with prescribed types of critical values [5]. For present the full definition let us 
consider coverings with ramifications ip : Vt ^- S over compact surface S of genus g by 
^ ■ surfaces Vt. We consider that two coverings (p and p' : Vt' ^ S are equivalents if there 

^ . exists a homeomorphism f : Vl —^ Vt' such that ^p' f = p. Denote by Aut((/?) the group of 

•/^ \ autoequivalence of p and by | IKul{p)\ its order. 

' The covering p is equivalent to a covering z i-^ z"^^-* on a neighborhood of any 

point y E Vl. Consider formal variables {ai}. The monomial an{y^)---an(yi), where 
p~^{x) = {yi, ...,yfc}, is called type of the value x E S. A value of a type a2a\ is called 
simple. 

'^ I Fix now points Xi, . . . ,Xy G S. Fix also monomials a^, . . . , a''. The (classical) Hurwitz 

^ ' number is the sum < a^, ..,a'" >g= X] TAutriT' ^^ ^^ equivalent classes of coverings, that 

have critical values of types a^ , . . . ,a^ in the points xi, . . . , x^ and have not other critical 
values. A Hurwitz number < a >™=< a,a2«i, ■■,ci20-i >o, where m + 1 is the number 
^ ! of critical value is called classical single Hurwitz number. The classical single Hurwitz 

CN I number connect with the intersection theory on the moduli space of complex algebraic 

^ ' curves [4j. 

Q ■ Correspond variables Pi to variables a^ and correspond monomials Pa = Pi^...pi^ to 

— il ! monomials a = ai^...ai^. Generating function for classical single Hurwitz number is 

O \ $(A,]9i,p2i •••) = Sm>o ^ Sa < ^ ^"^ Pa, whcrc sccoud sum is the sum by all monomials. 

Q \ According to [3j, it satisfy to the "cut-and-join" differential equation 

Lx^, Lx = - 2^{^ + j)PiPjTr— + 2^ iJPi+y 



O 



S 



This is a corollary from the fact that classical Hurwitz number generate a closed topo- 
logical field theory [2]. The "cut-and-join" equation has some importent properties. It is 
in particulary a differential equation for generating function of Hodge integrals [6]. 

A definition of Hurwitz numbers for surfaces with boundary and non-orientable surfaces 
where suggested in [I]. In preset paper I define and investigate disc single Hurwitz numbers 
They correspond to covering of disk with single non-simple boundary critical value. It is 
found, in particulary, recursive equations defining all disk single Hurwitz numbers. 

Generating function H for disc single Hurwitz numbers depend from complex parame- 
ters a, fi (analog of A from classical situation) and 4 infinite series of variables Pi,Pi,Pi,Pi, 
describing topological type of non-simple critical value (analog of Pi from classical sit- 
uation). An analog of "cut-and-join" differential equation |j = La$ is 2 differential 
equation, corresponding to interior and boundary simple critical values. 

These differential equation follow, from the fact, that Hurwitz numbers for surfaces 
with boundary form a open-closed (non-commutative) topological field theory [1]. 
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2. HURWITZ NUMBERS. 

Let D be a closed disk {z G C||2;| < 1} with oriented boundary dD. We will be consider 
coverings with ramification tp : Q ^ D oi degree k, where fi is a compact surface with a 
boundary dQ. 

Preimage (p~^{x) of an interior point x & D° = D\ dD consists of n = n{x) < k points. 
Consider a small simple contour r ^ D°, around x. Its preimage f~^{r) form simple 
contours Ci,...,C„ G Q°. The set of degrees of restrictions {deg{ip\cj, ...,deg{Lp\c„)) is 
called (topological) type of interior value x E D°. Correspond the monomial a*^ ■ ■ ■ ci"^ to 
this topological type. Here a^ are commutated formal variables and tj is the number of 
indexes j such that deg((/9|cj) = i and a° = 1. 

Values of the type aj are called non-critical. All other interior values are called interior 
critical values. Any covering has only finite number of interior critical values. Interior 
critical values of the type aj~^a2 are called simple. 

A preimage f~^{y) of boundary point y G dD also consists of n = n{y) < k points. 
Consider a simple small interval / C D around y with ends dD. The preimage ^p~^{l) C fl 
form a graph with k edges. The vertexes of the graph form two groups that correspond 
to two ends of I. For convenience, we will call one of the ends and the groups "left" and 
other "right", considering that the moving on dD from left to right via y correspond to 
the orientation of dD. 

The bipartite graph (p~^{l) is called (topological) type of boundary critical value y G dD 
[I]. The valency of any vertex of it is not more that 2. Thus connected components of 
(p~^{l) belong to one of the next type. 

• bj is a graph with i left and i + 1 right vertexes; 

• bj is a graph with i + 1 left and i right vertexes; 

• bj is a graph with i left and i right vertexes; 

• bj is a closed graph with i left and i right vertexes. 

Correspond to the graphes bj, bj, bj, bj commutative formal variables bi,bi,bi,bi. Corre- 
spond the monomial to join of graphs. Thus a topological of any boundary value is a 
monomial 6 = fof ■ ■ ■ 6^4f ■ ■ ■ bl%' ■ ■ ■ bfb{^ ■ ■ • 6^^ where k = ^ti 2s+ Eti(2si - 1) + 
E^=i 2si-f E"=i2si. Denote by Aut(6) the group of automorphisms of the graph that 
correspond to the monomial b. Let | Aut(6)| be the order of the group. 

The changing of the order of the vertexes generates the involution b \-^ b* on the set of 
monomials. In particulary 6j = bi, bi = bi, bi = bi, bi = bi 

The values of types b'^b'^ are called non-critical. All other boundary values are called 
boundary critical values. Any covering has only finite number of boundary critical values. 
Boundary critical values of the type 6i6"&" and bib^b^ are called simple boundary critical 
values. We call critical values of types bib^b^ and bib^b^ as acute -points and grave-points 
respectively. 

Covering ipi : fli ^>- D ans ip2 : 0,2 ^ D a called equivalent if there exists a homeomor- 
phism : fii — > 1^2 such that ipi = ^2(p- The automorphisms groups /Kut{(pi) of equivalent 
coverings are isomorphic. Denote by | Aut{ipi)\ the order of its. 

Fix interior points Xi, . . . ,Xy G D \ dD and boundary points yi, . . . , y^, G dD on a 
disk D. We consider that the numeration of the boundary points is convenient with 
the orientation of dD. Fix monomials a^,...,a^ from the variable Oj and monomials 
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b^, . . . ,b'^ from the variable hi, hi, hi, hi. The number < a\ .., a", {b^, .., 6"') > Yl i^utf )| ^^ 
called Hurwitz number. Here the sum is taken by all equivalent classes of coverings, having 
critical values in points xi, . . . , a;„, yi, . . . ,yw of types a^, . . . ,a^,b^, . . . ,b'^ and have not 
other critical values. The Hurwitz number don't depend from position of critical points. 
It is kept by any permutation of a* cyclic permutation of b\ Denote by {F^^} the the 
inverse matrix to < {j3p,j3q) >, where {(3p} is the set of all connected graphs. 

Lemma 2.1. // < (c, h) >^ 0, then c = b* and < (c, b) >= ta^j^tmt- 
// < (c, hih^b^, b) >7^ 0, then this is one from the next cases 

. <(M*,Mfbf,M)>=|^4i^; 

. < {h^,d* Mbfbf Xh,d) >= ^4^; 

• < {k+jd*, bibfbf, kbjd) >={i-'-f) 1 • 



2 / |Aut(d)|' 

< {k+j-,d*,bibfbf,kb,d) >= (l-'-f) ' 



2 ^ |Aut(d)| ■ 

// < (c, 6i6™6™, b) >7^ 0, then this is one from the next cases 

. <(M,Mf6f,M*)>=|^^; 

. < ibMbibThf,h+,d*) >= ^4^; 

. < {b,b,dXbfbfA^,d*) >= (1 - ^)^4^; 



< {bib,dMhfbrM+,-id*) >= (1 - f 



<5i3\ 1 



|Aut(d)| 



Proof. The first statement is evident. Let < {c,hib"''b^,b) >^ 0. Then there exists 
a covering ^p : ^ —^ D with boundary critical values i/i,|/2il/3 ^ t^-D of types c,hib^b^,b 
(respectively) and without other critical values. Let us consider points Zi G (1/1,1/2) 
and Z2 G (1/25 l/s)- The preimage of Zi consists of m simple points, where ip is local 
homeomorphism, and rh + 1 double points where ip is local two-sheeted. The preimage of 
Z2 consists of m + 2 simple points and tH double points. 

Let pi,P2 G ^^^{^2) be simple points, corresponding to hi. They come to simple points 
qi, q2 of b. Then we have one from the next cases 

• gi and q2 belong to one connected component of type b^; 

• gi and 52 belong to connected components of types bj and b^; 

• gi and ^2 belong to different connected components of types b, and b^; 

• gi and g2 belong to different connected components of types b, and hj. 

In the first case b = hid. Let us consider the restriction ip' : fi'D of ip on the connected 
component, containing the points gi,g2. Consider the restriction ip" : Q"D of ip on the 
complement Q" = Q\Q' . The covering tp" has the critical values 1/1,2/3 G dD of the types 
d*, d. Therefore ip' has critical values yi, y2, 2/3 G dD of types bi, hie, hi. Thus ip has critical 
values 2/1, 2/2, ?/3 e dD of types 6j(i*, 61 6™ 6^, 6i«i. 

The equivalent class of ip' (respectively ip") contain of all coverings that have the same 
types of critical values as tp' (respectively ip"). Moreover, Aut{ip) = Aut{ip') x Aut{ip"). 

Thus < {bid*,bib'^b'^,bid) >= yK^;;^^\ = |Aut(v:.')| \Auti<p")\ = |Aut(vp')l |Aut(d)l- '^^*^ 
group Aut{ip') is generated by involution that transpose the points pi and p2- Thus 

<(M%Mf6f,M)>=i^i(^- 

Analogical arguments prove other cases. The main difference consists of properties of 
Aut{Lp'). This group is non trivial only for i = j in the last two cases. 
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Changing of orientation of the boundary of the disk we found that 
< {a,b,c) >=< {c*,b*,a*) >. Thus the second statement of the lemma follow 
from the first. 

D 

We denote graphs bi and hi by bi in situations when differences between them are not 
important. Denote by \b\ and call length the number of edges in connected graph b. In 
particulary, |6j| = 2i — 1 \bi\ = \bi\ = \bi\ = 2i. Denote by \b\ the minimum of lengths of 
connected components of arbitrary graph b. 

Lemma 2.2. If < a'^a2, {c,b) >^ 0, then this is one from the next cases 



< a™a2, {bibjd* 

< a™a2, {bjbjd* 

< a™a2, {bibjd* 

< a™a2, {bibjd* 

< a™a2, {bibjd* 

< a™a2, {bibjd* 

< a™a2, {bibjd* 

< a™a2, {bibjd* 



jd) >-- 
jd) >-- 



bi+jd) > 
bi+jd) > 
bkbid) > 
bkbid) > 
bkbid) > 
bkbid) > 



{l-'-f) 

\bj\ . 


1 


|Aut(d)l 


Aut(d)|' 




Aut(d)|' 





Aut(d) 



\bibjb]^bi\ 
(i+j){k+l) |Aut(d)| '' 

\bibjbi^bi\ 
(i+j+l){k+l) \Aut(d)\ 



'I 



\bibjb^bi\ 



2 



P{i+3){k+l) |Aut(d)| > 
\bibjb],bi\ 
i+j){k+l) |Aut(d)| ' 



/I _ OjjOkl NX ^^_ {bjbjbkbil 



Proof. Let < a™ 02, (c, b) >^ 0. Then there exists a covering tp : Q ^ D with boundary 
critical values x,yi,y2 G dD of types a^a2,c,b (respectively) and without other critical 
values. Let us consider a segment / C dD, connecting yi and ?/2 by x. Consider also 
a simple small interval U <Z D near yi with ends on dD \ {dD fl U). Then the graph 
bi = ip~^{li) is the topological type of yi. 

Consider a homotopyy^ : [1,2] — ^ D between /i and I2 such that f{t') fl (p{t") = 
for t' 7^ t". Preimage ip~^{xt) of Xt = (p{t) fl / consists of degip points if Xj 7^ x and 
consists ofdegv? — 1 points if Xt = x. This describe the reconstruction of the graph 
bt = ip~'^{lt) in the moment, when Xt 7^ x. The same reconstruction map the graph bi to 
the graph 63. This consists of a cutting of 2 edges of 61 and the gluing of its with the 
changing. For realization of this reconstruction by a covering (p : Q ^ D it is necessary 
that the orientation of the edges, that appear from order of vertexes, are generated by 
an orientation of dD. All pears of graphs 61,62 of such type and its reconstructions are 
presented in lemma [2^21 This gives also and corresponding Hurwitz numbers. 
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3. Disk single Hurwitz numbers. 

We will be say that a boundary critical values p' of a covering tp precedes a boundary 
critical values p" of tp if the orientation of dD generate the orientation of {p',p") from p' 
to p" and {p',p") does not contain any critical values. 

Denote by T-C{m, rh, b) the sen of equivalent classe of covering with m interior simple 
critical values, with m boundary simple critical values and with single non obviously 
simple critical value of type b (that is called special). The set T-C{m,rh,b) decompose into 
subsets 7i(m, rh, hi, b), that consists of coverings with m interior critical values, m, acute- 
points, m grave-points. The set H{m,rh,hi,b) decompose into 2 subsets H{m,hi,hi,b) 
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and 'H{rn, rh, m, b). The first (respectively second) consists of covering where a acute-point 
(respectively a grave-point) precedes the special critical value. 

Denote by H(m,m,6) (respectively H(m,m,m,6), H(m, m,m, 6), H(m, rn,m,6)) the 
sum of Hurwitz numbers from 7i(m,m,6) (respectively 7i(m,m,m,6), ?T!(m,m, m, 6), 
7i(m, m, m, 6)). Extend the definitions of the numbers H(m, m,5), H(m,m,m,6), 
H(m, rh,m,6) and k{m,m,m,b) on quotients of monomials b = ^. Here we consider 
that these numbers are 0, if b is not monomial. The number H(m, m, 6) is called a d^sA; 
single Hurwitz number. 

Example 3.1. // h(0, 0, b) > 0, then b = bl' ■ ■ ■ b^b\' ■ ■ ■ b^ and h(0, 0, b) = nf=i ^ 

Lemma 3.1. Let b = b{\..b^b{\.}f^bl\.})^b{\..b^^ . Then H(m,m + l,m, 6) = 
E i(si + l)H(m, m, m, 6^)+ E((^i+j + l)H(m, rh, m, b'^)+ {h+j + l)H(m, m, m, 6^*^) + 

(si+j_i + l)H(m, m, m, 6^^))- 

Proof. Consider a covering Lp : Vt ^ D from 7i{m,m + l,m,b). Denote by y and y' 
the special point and the precedes of it critical boundary point respectively. Collapse to 
a point yi a segment / G D with ends on dD, that separate the points y, y' from other 
critical values. Then we have two disks D' and D" and two coverings tp' : Q' ^ D', 
tp" : Q" -^ D" . The critical values of (p' are yi, y' and y. Comparing the disks D 
and D" we see, that Lp" G l-i{rn^m,m,c) for some monomial c. Thus, according to pLj, 
H{'m, m + l,m,b) = ^ if(m, m, m, /3p) > F^'' < {Pg, 6i6"6", 6) >, where {(3p} is the set of 

pq 

all bipartite graphes, {F^''} is the invert matrix to < (/3p, (3q) > and the sum is given by 
all pairs of bipartite graphes. It is follow from lemma EH], that F^^ = 5/3^,/?* = | Aut(/3p)|. 
Moreover it is follow from lemma 12.11 that the sum in the right parte of decompose to 4 
subsumes. These subsumes depend from forms of b and Pg = /3*. 

Let b = bid and /?, = kd*. Then |Aut(/?p)| = \Aut{bid)\ 

= ^-^^i"'+'{si + 1)! = \Aut{d)\i{si + 1). Moreover < {pg,bi^b^,b) >= 
< {bid* , bibibi , bid) >= | lAutfd)! according to lemma 12.11 Thus this sub- 
sume is Xlf^"^* "*" l)H(m, m,m, 6^) Let 6 = 6j6j(i and Pg = bi+jd*. Then 

\Aut{(3p)\ = \Aut{h+,d)\ = ^^(s,+, + 1)! = |Aut(rf)|(s,+, + 1). More- 
over < {l3g,bib^b'l,b) >= < {bi+jd*,bib'^b'^,bibjd) >= r^^^ns\- Thus this sub- 
sume is J2i^i+j + l)H(m, m, m, 6-^). Let b = bibjd and pg = bi+jd*. Then 

|Aut(/3p)| = |Aut(6,+,d)| = ;iS^2(^»+^+i)(s,,+, + 1)! = 2| Aut(t/)|(s,,+, + 1). More- 
over < {(3gMh1hlM >= < {h+^d* MhWiXhjd) >= (1-^)^-1^. Thus this 
subsume is J2i^i+j + l)H(m, m, m, 6-^). Let b = bibjd and Pg = bi+j^id*. Then 

I Aut(/3p)| = I Aut(6,+,_irf)| = l^^lf , 2(-'+^-^+i)(^.+,,i + 1)! = 2| Aut(rf)|(i,+,_i + 1). 



Moreover < {Pg,bibp^,b) >= < {k+j^id*,bibfb^,bibjd) >= (1 - ^)radn- ^^^^ ^^^^ 



subsume is J2i^i+j-i + l)H(m, rh,m,6 '^|/ )- 
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Lemma 3.2. iet b = b\\..b'^bl\..b'^b\\..btb{\..b'^ . 

Then Yi{m,rh,rn + 1,6) = ^(^i + l)H(m, m,m, 6|^) + 

E(2(si + l)(s,- + l)H(m, m, m, 6^)+ 2((s, + l)(s,- + 1) + <5i,(si + l))H(m, m, m, 6^^) + 

|((si + l)(s, + 1) + %(si + l))H(m, m, m, 6^^^^)). 

Proof. The proof of this lemma is the same that the previous , us- 
ing the second part of lemma EIH If {(3g,bib'^b^,b) = {bid*,bibfb'^,bid), 
Then |Aut(/?p)| = \ Aut{kd)\ = 2|Aut(d)|(si + 1) and < {pg,bj)^b^,b) >= 

< {bid*,bibfbf,bid) >= hfi,Jt(d)\ - '^hus this subsume is YlC^i + l)H(m,m, m, 6^). 

i 

If {(3q,bJ)^b^,b) = {bibjd*,bibfbf,bi+jd), then |Aut(/5p)| = \Aut{bibjd)\ = 
2|Aut(d)|(s, + l)(s, + 1) and < (/3„M?6?,&) >= < {U^d* XbfbfA+^d) >= ^^. 

Thus this subsume is 2^(sj + l)(sj + l)H(m, m, m, 6^^-^). If 

ij *+^ 

{(3qXbiKM = {bibjd*,bibfbf,bi+jd), then |Aut(/?p)| = \ Aut{bibjd)\ 

4| Aut(d)|((s, + l){sj + 1) + 5,,(si + 1)) and < {bib,d*,kbfbfX+jd) >= (1 - f )^^ 

Thus this subsume is 2^((sj + l)(si + 1) + Sij{si + l))li{m,m,'m,bj^-^). 

__ ij_ __ ^+' 

If {(3g,bib^b^,b) = {bibjd*,bibfbf,bi+j-id), then |Aut(/3p)| = |Aut(6ifejd)| = 
\Aut{d)\{{s^ + l){sj + 1) + 5ij{s, + 1)) and < (/3g,M?^?,ft) >= 

< (bibjd,bibfbf,bi+j-id*) >= (1 - -^) \ fi^JtidM ■ '^^^^^ ^^^^ subsume is 
|E((5^ + l)(s,- + 1) + 6i,j{s, + l))H(m,m,m,6^). 

U 

The previous lemmas give 

Theorem 3.1. Let b = b{\..b^b\\.}}fb\\.J)tK'...b^. Then H(m,m +1,6) = 
Y.{{si + l)H(m,m,6|)+ E((5^+i + l)H(m,m,6|^)+ (si+,- + l)H(m, m, 6|^) + 

(i,,+,_i + l)H(m, m, 6%f ))+ E(^i + 1)hK m, 6|)+ E(2(s. + l)(s, + l)H(m, m, 6g^) + 



2((s, + l)(s, + l)+5,,(s, + l))H(m,m,6p)+i((si + l)(s, + l) + 5,,(si + l))H(m,m,6^^^^)). 
Analogical theorem for interior points is 



Theorem 3.2. iei b = b{\.^^b\\..bV;b{\..btbi\..b^ . 
Then H(m + 1, m, 6) = 

E(¥(i.+, + l)H(m,m,6|f)+ |((s, + l)(s, + 1) + 5,,(s, + l))H(m, m, 6^) + 
|6j|(si+, + l)H(m,m,6^)+ 2|6,|(si + l)(sj + l)H(m, m, 6^^) + 



2\bj\{si+j + l)H(m,m,m,6^)+ 2i\bj\{si + l){sj + l)H(m,m, m, 6f^) + 
2|6,|(s,+,- + l)H(m, m, 6^)+ 2i\bj\{si + l)(sj + l)H(m, m, 6^)) + 

E 2(1 + 40l^i^i&fe^d(^i + l){sj + l)H(m,m,6j^) + 

E 1(1 + '^^J)|&A■^A:^^|((S^ + l)(Sj + 1) + 5,,(s, + l))H(m, m, 6^) + 

E (1 + <5i,)(l + <Jfe/) (i|6.6,6fc6/|((s, + l)isj + 1) + <5,,-(s, + l))H(m,m, 6J^) + 

\bibjbkbi\{{s^ + l){sj + 1) + 6ij{si + l))H(m, m, &||) + 
\bibJhbl\iis^ + l)(s, + 1) + (5,,(s, + l))H(m, m, 6g)), 

Proof. Consider a covering 99 : $7 — > D from 7i{m + l,m,6). Denote by y and x 
the special critical point and an interior critical point respectively. Collapse to a point 
yi a segment / G D with ends on dD, that separate the points y, x from other crit- 
ical values. Then we have two disks D' and D" and two coverings Lp' : Q' -^ D', 
Lp" : r2" — ^ D" . The critical values of (/?' are yi, y and x. Comparing the disks D 
and D" we see, that Lp" e H{m, 112,0) for some monomial c. Thus, according to [1], 

i^(m + l,m,b) = Yl H{m, m, f3p) > F^i < {pg, bj)^b^, b >. 
pq 
It is follow from lemma [2T2] that the sum from the right parte decompose on 15 subsumes. 

Any subsume is calculated similar as in lemmas [3T] and [321 

D 

Theorems 13.11 13.21 give an algorithm for calculation of all Hurwitz numbers H(m, m, b) , 
starting from h(0,0, 6). 

4. Differential equations on generating the function. 

Consider the algebra of formal power series, generated by commutative variables 

Pi, Pi, Pi, Pi- Correspond the monomial p;, = Pi^ ■■ -P^iC P'l ■■ -Ph P'l ■■ -Pn^ Pi' ■■ ■P'h to monomial 

b = b^...b^}^..})^b^..Mrb^-Kt- 

Consider the generating function 
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H{a,(3,-i\pi,pi,pi,pi,p2,...)= Y] , . , ^-r Y] H(m, rh, m, 6)pb, 

^-^ ml ml ml ^-^ 

m,rh,rh>0 b 

where the second sum is the sum by all monomial b. In 

particulary,i7(0,0|...) = ^(0,0|...) = exp(pi + f ). Put H = H + H 

Theorem 4.1. 

^^ -r H 

sde 

Lp = y^ipi—^ + y{PiPj^z — + PiPjjr. — + PiPjW7 



Opi ^—^ Opi+j Opi+j Opi+j_i 



Proof. Let b = h{\..h^b{\.}fJ%\..hfb{\..b^, where n = n{b),s, = s,{b), 
h = h{b), Si = Si{b) n = n{b), Si = Si{b) h = h{b), Si = Si{b). 
It is follow from theorem 13.11 that 

H = Em,^,rn>0 SffS ^6 ^(m, m + 1, m, b)pb = 
E™,,n,^>o SfrS Eb E,^i Ksi + l)H(m, m, m, b^^)pb+ 

Em,m,m>o S££ Eb E^=l Ej~ i(^i+i + l)H(m, m, m, 6^)p6+ 

Em,m,rn>o SSS Eb E,^i Ej^ il^Vj-i + l)H(m, m, m, b^-^)pb 
Make the changing c = 6^;^ in the first summand. Then 

Pc = Pb% and pb = pM = Pi^isi + l)-\ Thus 



Pi ^^ dpi 

9pi 



EbEj^iK-Si + l)H(m,m,6^)pfe = EcEi^i tH(m,m,a)pi-^, where the sum is 
given by all monomial c. 

Make the changing c = bji^ in the second summand. Then 

P^ = P^9M ^"^ P>^ = P^& = P^P^i^('^+^ + ^y'- Thus 

Eb j:t=i j:t=M-,, + i)H("^, ^, %)p. = Ec E.^1 Er=i H("^, ^, c)M|5-- 

Analogically, Efe E»~i Ej°li(^i+j + l)B{m,m,bj^)pb 

EcE«=iEj°liH(m,m,c)^Pjj2£_ and E^ ESi EJlil^Vj-i + l)H(m,m, 6^^)pfe = 

Ee E.=i Er=i H(m, ^, c)M, a^- Thus f = L,//. 
D 
Analogically, using lemma [T2] instead lemma [3T] we prove 

Theorem 4.2. 

r _V^- ^ Y-^o ^' o^ ^' 1' ^' ^ 



The last theorem of the paper is 
Theorem 4.3. 



— — — Larl, 
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where 



^ 2 %+j 2 ' dpidpj opi+j opidpj 

d -- d^ - d - d^ 

"^IbjlPiPjjp — + Mbj\Pi+jw^jp- + 2\bj\piPj— — + 2i\bj\pi+j )+ 

opi+j opidpj opi+j opidpj 

V" 2{\bibjbkbi\pkPi ^_ „. + \bibjbkbi\pkPi r,- o^ ) + 
,+p^+; 9p,% 9pi% 






^ (1 + S,j){l + 5ki){-\b^kbkbi\pkPi-Q-Q- + \bibjbkbi\pkPigr-gT- + \bib,bkbi\pkPi^T^) 
i+j=k+i '■'' '■^ '■^ ^^ ^* ^^ 

The proof use theorem 13.21 and is given by the same method that the proof of theorem 
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